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Abstract
We revisit the recently proposed multi-natural inflation and its realization in supergravity
in light of the BICEP2 results. Multi-natural inflation is a single-field inflation model where
the inflaton potential consists of multiple sinusoidal functions, and it is known that a sizable
running spectral index can be generated, which relaxes the tension between the BICEP2 and
the Planck results. In this paper we show that multi-natural inflation can accommodate a wide
range of values of (ns, r), including the spectral index close to or even above unity. This will be
be favored if the tension is resolved by other sources such as dark radiation, hot dark matter,
or non-zero neutrino mass. We also discuss the implications for the implementation in string
theory.
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I. INTRODUCTION
The BICEP2 experiment detected the primordial B-mode polarization [1], which could
originate from the gravitational waves generated during inflation [2, 3]. The tensor-to-
scalar ratio r and the Hubble parameter during inflation Hinf suggested by the BICEP2
are given by
Hinf ≃ 1.0× 1014GeV
( r
0.16
) 1
2
, (1)
r = 0.20+0.07−0.05 (68%CL). (2)
The preferred range of r is modified to r = 0.16+0.06−0.05 after subtracting the best available
estimate for foreground dust.
Taken at face value, the BICEP2 results strongly suggest large-field inflation such as
chaotic inflation [4]. For various large-field inflation models and their concrete realization
in the standard model as well as supergravity and superstring theory, see e.g. [5–23]. It is
worth noting, however, that the BICEP2 results are in tension with the Planck + WP +
highL data. Explicitly, there is a tension on the relative size of scalar density perturbations
on large and small scales. This tension suggests another extension of the Lambda CDM
model such as a running spectral index, dark radiation, hot dark matter (HDM), non-zero
neutrino mass [1, 24], anti-correlation between tensor and scalar modes [25] or between
tensor and isocurvature modes [26], and a sharp cut-off in the scalar modes [27].1 If it is
due to the running spectral index, it would provide us with invaluable information on the
inflation sector.2
The BICEP2 data implies that the inflaton field excursion exceeds the Planck scale,
Mpl ≃ 2.4 × 1018GeV [32] . In order to have a sensible inflation model with super-
1 See e.g. Refs. [28, 29] for double inflation models to realize a sharp cut-off in the curvature perturba-
tions.
2 The implications of the other possibilities are also significant. The HDM candidates include axions
or sterile neutrinos. The QCD axion can explain both hot and cold dark matter [30]. If both sterile
neutrino HDM and dark radiation are present, there will be three coincidence problems of baryon-dark
matter, neutrino-sterile neutrino, and photon-dark radiation densities. This may suggest the dark
parallel world [31].
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Planckian field values, one has to control the inflaton potential over a broad field range.
One way to accomplish this is to introduce a shift symmetry, under which the inflaton φ
transforms as
φ → φ+ C, (3)
where φ is the inflaton and C is a real transformation parameter. As we shall see later, one
of the plausible candidates for the inflaton with the above property is an axionic compo-
nent of a moduli field. In fact, there appear many moduli fields through compactifications
in string theory, and one of them could be the inflaton.
The shift symmetry needs to be explicitly broken by some sources to generate the
inflaton potential, and one plausible functional form is the sinusoidal function. In this
case, the continuous shift symmetry is broken down to a discrete one. If a single sinusoidal
function dominates the inflaton potential, it is the natural inflation [5]. On the other hand,
if there are many sources for the explicit breaking, it is the multi-natural inflation proposed
in Ref. [21], and its realization in supergravity was given in Ref. [22]. In multi-natural
inflation, the inflaton potential consists of multiple sinusoidal functions with different
height and periodicity:
Vmulti−natural =
∑
i
Λ4i cos
(
φ
fi
+ θi
)
+ const., (4)
where the last constant term is such that the inflaton potential becomes zero at the
potential minimum. Interestingly, only with two sinusoidal functions, a wide range of
values of (ns, r) can be realized.
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We would like to emphasize the difference of the multi-natural inflation from N -
flation [8].4 In the case of N -flation, there are many (& 100) axions, each of which
has a sinusoidal potential. As a result, the high-scale inflation can be realized with
sub-Planckian decay constants. In contrast, the multi-natural inflation is a single-field in-
3 Even small-field inflation is possible with two sinusoidal functions. See Ref. [33] for curvatons with
multiple sinusoidal functions.
4 The realization of the N -flation in Large Volume Scenario [34] was given in Ref. [20].
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flation, whose potential consists of multiple sinusoidal functions as in (4), and the inflaton
dynamics is much simpler.
Recently, it was shown in Ref. [35] that multi-natural inflation has a built-in feature
for generating a sizable running spectral index. This is because, if the inflaton potential
has small modulations, a sizable running spectral index can be generated without spoiling
the overall inflaton dynamics, as pointed out in Ref. [36]. The running spectral index, if
confirmed by other experiments such as the 21cm observations [37], would tell us about
rich structures of the inflaton potential. On the other hand, it is also possible that the
tension between the BICEP2 and the Planck is due to some other sources. Even in this
case, multi-natural inflation remains one of the viable large-field inflation models, which
is one of the main targets of this paper.
In this paper we revisit multi-natural inflation and its realization in supergravity in
light of the recent BICEP2 results, and show that a wide range of values of (ns, r) can
be realized. In particular, the spectral index close to or above unity with a large r
satisfying Eq. (2) is possible. Such large ns ∼ 1 will be favored if the tension between
the BICEP2 and the Planck is solved by other sources such as dark radiation, HDM, or
non-zero neutrino mass [24]. We will also discuss the implications for the implementation
of multi-natural inflation in string theory.
II. MULTI-NATURAL INFLATION IN SUPERGRAVITY
A. Setup and saxion stabilization in the case of one axion
We shall review a realization of multi-natural inflation in which the axion of a modulus
field plays the role of the inflaton within the framework of supergravity [22]. We introduce
the following effective theory with an axion chiral superfield Φ for simplicity,5
K =
f 2
2
(Φ + Φ†)2, (5)
W = W0 + Ae
−aΦ +Be−bΦ, (6)
5 The natural inflation in supergravity is given in Ref. [9].
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where a > 0, b > 0, a 6= b and the following relations are assumed:
f . 1, |B| . |A| ≪ |W0| < 1. (7)
Here and in what follows we adopt Planck units where the reduced Planck mass Mpl is
set to be unity. The scalar potential is given by
V = eK [Kij¯(DiW )(DjW )− 3|W |2], (8)
with DiW = (∂iK)W + ∂iW . For later convenience let us express Φ as
Φ = σ + iϕ, (9)
where we refer to σ and ϕ as the saxion and the axion, respectively. The kinetic term for
the saxion and the axion is given by
Lkin = KΦΦ¯∂Φ†∂Φ = f 2(∂σ)2 + f 2(∂ϕ)2. (10)
The canonically normalized saxion and axion fields are
√
2fσ and
√
2fϕ, respectively.
The Ka¨hler potential (5) respects the shift symmetry of the axion,
ϕ→ ϕ+ const., (11)
which is explicitly broken by the two exponential terms in the superpotential. In Eq. (7),
we have assumed that the breaking scale of the shift symmetry is so low that the axion is
much lighter than the saxion. Thus, the inflation model can be effectively described by
the single-field inflation with the axion being identified with the inflaton.
To see how the saxion is stabilized, let us first focus on the case of A = B = 0 for
simplicity. The saxion is then stabilized via the equation
∂ΦK = 2f
2σ = 0. (12)
This is because the saxion potential is given by
V = e2f
2σ2
(
4f 2σ2 − 3
)
|W0|2 +∆V (13)
≃ 2f 2|W0|2σ2 + · · · , (14)
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where the potential is expanded around the origin in the second equality, and we add a
sequestered SUSY-breaking potential ∆V to realize the Minkowski vacuum6:
∆V = 3e2K/3|W0|2 ≃
(
3 + 4f 2σ2 + · · ·
)
|W0|2. (15)
The saxion mass is given by mσ ≃
√
2|W0|, and is therefore decoupled from the inflaton
dynamics if Hinf < W0, where, as we shall see later, Hinf ∼
√
AW0 in our scenario.
The saxion can be similarly stabilized for a more general Ka¨hler potential via the same
equation of ∂ΦK = 0; see Refs. [43–45] for detailed discussions on the saxion stabilization.
In general, the saxion mass is considered to be on the order of the gravitino mass.
Even if we turn on the exponential terms A,B 6= 0, the saxion stabilization discussed
above is not significantly changed and the saxion vacuum is located near the origin, as
long as condition (7) is satisfied. To be explicit, the above analysis remains valid if the
axion mass is lighter than that of the saxion mass by a factor of ten [22].
B. Multi-natural inflation with two sinusoidal functions
Once the saxion is stabilized with a heavy mass, we can focus on the axion dynamics.
First, let us derive the axion potential. We can setW0 and A real and positive using U(1)R
symmetry and an appropriate shift of the axion field, while B is complex in general. To
explicitly show the complex phase, we replace B with Be−iθ, where B is a real and positive
constant, and θ denotes the relative phase between the two shift-symmetry breaking terms.
Substituing 〈σ〉 ≃ 0, the axion potential is obtained as
Vaxion(φ) ≃ 6AW0
[
1− cos
(
φ
f1
)]
+ 6BW0
[
1− cos
(
φ
f2
+ θ
)]
−2AB
(
2
f1f2
− 3
)[
1− cos
[(
1
f1
− 1
f2
)
φ− θ
]]
+ const., (16)
6 Alternatively, we can use the F-term up-lifting potential [38, 39] to break SUSY with a vanishingly
small cosmological constant in the present vacuum. The heavy SUSY breaking fields can be integrated
out during inflation. See [40–42] for the related topics.
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where φ ≡ √2fϕ is the canonically normalized axion field, and the two decay constants
f1 and f2 are defined by
f1 ≡
√
2f
a
, f2 ≡
√
2f
b
, (17)
with f1 6= f2. The vacuum energy is set to be zero in the true vacuum by adjusting the
last constant term, which depends on θ; it vanishes for θ = 0.
When we impose relation (7) to realize the mass hierarchy between the axion and the
saxion, the third term in Eq. (16) becomes irrelevant; the first two terms are equivalent to
the inflaton potential for the multi-natural inflation with two sinusoidal functions studied
in Ref. [21].
The multi-natural inflation with two sinusoidal functions can accommodate a large
running spectral index without affecting the overall inflation dynamics, provided there
is a mild hierarchy in the two decay constants [35], and the second sinusoidal function
acts as small modulations to the first one. To this end, the following (mild) hierarchy is
required:
B = O(10−3)A, (18)
f2 = O(10−2) f1. (19)
In this single axion multiplet model, the latter can be realized when one takes a = 2π/n1
and b = 2π/n2 with n1 = O(100) and n2 = O(1).
The inflation scale is then given by Hinf ∼
√
AW0 ≪ W0. Thus, the saxion mass is
in general heavier than the Hubble parameter during inflation, justifying our previous
assumption that the saxion is decoupled from the inflaton dynamics. This is a nice point
against the moduli destabilization during inflation [46]. Also, detection of the tensor mode
by BICEP2 (1) determines the typical scale of the exponential terms as
AW0 = O(10−9) (20)
for f1 = O(10).
7
C. A case of two axions for a large decay constant
We now study another realization of a large decay constant in the context of multi-
natural inflation, based on the idea given in Ref. [47]. The point is that, if there are heavy
and light axions, the effectively large decay constant is realized by accidental cancellation
between the two axion potentials.
We consider the effective theory with two axions given by
K =
f 2
2
(Φ1 + Φ
†
1)
2 +
f 2
2
(Φ2 + Φ
†
2)
2,
W = W0 + Ce
−c(Φ1+Φ2) + Ae−a(Φ1+(1+∆1)Φ2) +Be−b(Φ1+(1+∆2)Φ2)−iθ, (21)
with B . A ≪ C ≪ W0 < 1. For simplicity, we use the same decay constant f . 1 for
Φ1 and Φ2 and all the parameters are set real and positive and the CP phase between
exponentials is expressed by θ as in the previous case. The point is that one combination
of the axions is stabilized with a heavy mass mainly by the first exponential term, whereas
the other combination remains light and receives the potential from the second and third
exponential terms. For a certain combination of the heavy and light axions appearing in
the exponential terms, the effective decay constant for the lighter one can be larger than
the Planck scale [47].
To be explicit, let us define the heavier axion
√
2ξ ≡ φ1 + φ2 and the lighter axion√
2φ ≡ −φ1+φ2, where φ1,2 are the canonically normalized axions of imaginary component
of Φ1,2 defined by φi =
√
2f Im[Φi] with i = 1, 2. The scalar potential for axions can be
approximately given by
Vaxion(φ, ξ) ≈ −6W0A cos
[
(2 + ∆1)ξ +∆1φ
2F1
]
− 6W0B cos
[
(2 + ∆2)ξ +∆2φ
2F2
+ θ
]
−6W0C cos
[
ξ
F0
]
+ const., (22)
where the decay constants are defined by F0 = f/c, F1 = f/a, and F2 = f/b, and we
have neglected the cross term between shift-symmetry breaking terms. We also dropped
the dependence on the saxions because they will be stabilized near the origin via ∂Φ1K ≃
∂Φ2K ≃ 0 after the up-lifting potential is added. For A ≪ C/F 20 , ξ is stabilized at the
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origin during the inflation driven by φ. Hence, the effective scalar potential for the lighter
axion below the mass scale of ξ reads
V
(eff)
axion(φ) ≈ −6W0A cos
[
φ
f1
]
− 6W0B cos
[
φ
f2
+ θ
]
+ const., (23)
where
f1 ≡ 2
a∆1
f, f2 ≡ 2
b∆2
f. (24)
Thus, one can realize the super-Planckian decay constants f1 = O(10) for e.g. a = 2π/n1,
n1 = O(10), ∆1 = O(0.1) and f = O(0.1) without severe fine-tuning of the parameters,
and similarly for f2. The mild hierarchy f2 = O(10−2)f1 required for generating the large
running spectral index can be realized if we take b = 2π/n2 with n2 = O(1), ∆2 = O(1).
D. Toward a UV completion
Here we discuss a possible UV completion of the multi-natural inflation based on string-
theoretic supergravity. In the viewpoint of the UV completion, the multi-natural inflation
is understood to be a remnant of the moduli stabilization of extra dimension with various
non-perturbative dynamics involving sub-leading effects. The successful stabilization is
required for a sensible string theory in four dimensions.
Toward the UV completion, we may consider
K = −2 log(t3/20 − t3/21 − t3/22 − t3/23 − t3/24 ), (25)
W = W0 −De− 2piN T0 − Ee− 2piM (T1+T2) − Fe− 2piL (T3+T4)
+Ce
− 2pi
n0
(T2+T4) + Ae
− 2pi
n1
T2 +Be
− 2pi
n2
(T2+2T4)−iθ, (26)
where ti = (Ti+T
†
i ) for i = 0, 1, 2, 3, 4, and Ti are complex Ka¨hler moduli on a Calabi-Yau
space, and W0, A, B, C, D, E and F are determined by the vacuum expectation values
(VEVs) of heavy moduli via flux compactifications [48, 49]. (See [50] for realization of a
smallW0.) The non-perturbative terms in the superpotential are assumed to be generated
by gaugino condensations in a pure SU(N)×SU(M)×SU(L)×SU(n0)×SU(n1)×SU(n2)
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gauge theory living on D-branes. The holomorphic gauge couplings are given by the
moduli T0, T1 + T2, T3 + T4, T2 + T4, T2 and T2 + 2T4 respectively. We assume that those
parameters satisfy
A,B,C,D,E, F = O(1), W0 ≪ 1. (27)
All the above parameters are set real and positive using U(1)R symmetry and an appropri-
ate shift of the imaginary components of the moduli fields, while θ represents the relative
phase among the exponentials. We also assume the relation between the parameters in
the exponents
n0 & n1 & n2 = O(1− 10), (28)
L ∼M ∼ N > 2n0. (29)
The mild hierarchy between them makes T0, T1 + T2 and T3 + T4 stabilized in a super-
symmetric manner by the first three exponentials [22, 40, 44]:
2π
N
〈T0〉 ∼ 2π
M
〈T1 + T2〉 ∼ 2π
L
〈T3 + T4〉 ∼ log(1/W0), (30)
and the last two terms in the superpotential are responsible to the multi-natural inflation
thanks to such a hierarchy. On the other hand Φ1 = −T1+T2 and Φ2 = −T3+T4 remain
relatively light; these combination becomes two axion supermultiplets in the previous
subsection, whose effective action is similar to Eq.(21) with a = π/n1, b = π/n2, c = π/n0,
∆1 = −1 and ∆2 = 1. They will be stabilized near the origin through the equation of
∂Φ1K ≃ ∂Φ2K ≃ 0, i.e., Re[Φ1] ≃ Re[Φ2] ≃ 0 after the sequestered SUSY-breaking term
is added:
V = Vmoduli + Vup, where Vup = ǫˆ e
2K/3; ǫˆ = O(W 20 ). (31)
The decay constant f is determined by the Calabi-Yau volume constituted by three heavier
moduli VEVs, and expected to be of order string scale; f ∼ 1/((t1+t2)1/4V1/2) ∼ 1/((t3+
t4)
1/4V1/2) ∼ 0.1, where V ≃ t3/20 − (t1+ t2)3/2/
√
2− (t3+ t4)3/2/
√
2. The decay constants
of f1 and f2 become super-Planckian for n1 & n2 = O(10), where f1 = (2n1/π|∆1|)f and
10
f2 = (2n2/π∆2)f . On the other hand, if a non-perturbative effect is generated by a pure
SU(8n1) gauge theory with a holomorphic gauge coupling 8T2 + 9T4 instead of the sixth
term in the superpotential, i.e.,
W ⊃ Ae− 2pin1 T2 → Ae− 2pi8n1 (8T2+9T4), (32)
∆1 = 1/8 and a = π/n1 are obtained while ∆2 and b are unchanged. One then realizes
the mild hierarchy f2 = O(10−2)f1 for n1 = O(10) and n2 = O(1) to generate the large
running spectral index.
The SUSY particles acquire a heavy soft mass, msoft ∼ W0/ log(1/W0), comparable
the gravitino mass m3/2 ∼ W0 or slightly lighter. Thus they are out of the reach of the
accelerators, but their mass scale affects the lightest Higgs mass [51–54] through radiative
corrections.
III. SPECTRAL INDEX AND TENSOR-TO-SCALAR RATIO
It is known that multi-natural inflation can accommodate a rather large running of
the spectral index [35, 36], which can relax the tension between BICEP2 and Planck.
Interestingly, the required small modulations to the inflaton potential is a built-in feature
of multi-natural inflation.
Here let us focus on another aspect of multi-natural inflation. The existence of multiple
sinusoidal functions also enables the predicted values of the spectral index and the tensor-
to-scalar ratio to be widely deviated from those for natural inflation or other monomial
chaotic inflation models.7 Although it is possible to consider such deviations together with
a large running spectral index in the inflaton potential with three sinusoidal functions,
we focus on the case without running to simplify our analysis.
We consider the multi-natural inflation with two sinusoidal functions with
V (φ) = C − Λ41 cos(φ/f1)− Λ42 cos(φ/f2 + θ), (33)
7 This is also possible in the polynomial chaotic inflation [18, 19].
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where we set
f2 = 0.5f1, Λ
4
2 = BΛ
4
1, θ =
2π
3
, (34)
and the constant C is fixed so that the inflaton potential at the potential minimum
vanishes. We numerically solved the inflation dynamics for three case of B = 0.20, 0.25,
and 0.30 by varying f . The predicted values of (ns, r) as well as the inflaton potential are
shown in Fig. 1. The solid (dashed) lines correspond to N = 60 (N = 50) e-folds before
the end of inflation. Note that, while the lower shaded (red) region shows the region
preferred by Planck+WP+highL data allowing the running spectral index to vary, the
upper shaded (blue) region is obtained by combining the BICEP2. When the effective
neutrino species Neff is varied instead of the running, the allowed region is expected to
be shifted to larger values of ns around unity with r = 0.1 ∼ 0.2. In the right panel, we
assume N = 60. We also denote several predicted values of (ns, r) for different values of
the decay constant f as a reference. Interestingly, we can see from the figure that the
spectral index close or above unity together with r = 0.1 ∼ 0.2 can be realized by multi-
natural inflation. Such features will be favored if the tension between BICEP2 and Planck
is solved by other sources such as dark radiation, HDM, or non-zero neutrino mass [24].
IV. DISCUSSION AND CONCLUSIONS
We have revisited multi-natural inflation [21] in supergravity for a UV completion. In
this model the inflaton potential consists of two or more sinusoidal functions with different
height and periodicity. A further UV completion based on a string-inspired framework
has been also considered. The moduli stabilization of extra dimensions has to be done to
give a sensible string theory in four dimensions. Multi-natural inflation may be realized
as a remnant of such moduli stabilization based on various non-perturbative effects.
From an observational point of view, multi-natural inflation is interesting because the
existence of small modulations to the inflaton potential, which are necessary to generate
a large running spectral index, is a built-in feature. The running spectral index is one
way to relax the tension between BICEP2 and Planck. For this to work, we need a mild
12
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FIG. 1: Left: the prediction of (ns, r) of multi-natural inflation Solid (dashed) lines correspond
to N = 60 (N = 50) e-folds before the end of inflation. Predictions of (ns, r) for a few values of
f are shown on the brown dashed curve. See the text for the explanation of the shaded regions.
The allowed region will be shifted to larger values of ns if the effective neutrino species is varied
instead of the running spectral index. Right: the inflaton potential with multiple values for
the decay constant f . The potential minimum is shifted to the origin for visualization purpose.
When calculating the field excursion, we assume N = 60 e-folds.
hierarchy between the two decay constants. On the other hand, the tension could be
solved by other sources such as dark radiation8, in which case the scalar spectral index
close to or even above unity is favored. We have shown that the multi-natural inflation
with two sinusoidal functions can realize a wide range of values of (ns, r) that include
such cases.
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